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and Jftronomer Royal. 

Bead Nov. if, 1779?, 

^-5^ _ Royal Military Acad. 

D£AR SlRji Sept. ai, t77f, 

AS the experiment of determining the univerfal at- 
tradtion of matter, which you lately conducted 
with fo much accuracy and fuccefs, is of fo great im- 
VoL-LXX- B portancd 
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poitance and curiofity, that it may probably be here- 
after repeated by the learned in other countries, and in 
other iitnations ; and as the utmoft preciiion is defirable 
in fo nice an experiment ; I have corapofed the inclofed 
paper to determine the beft part of a hill for making 
the obfervations, fo as to obtain the greateft quantity of 
attra(£tion* 

I have no doubt, Sir, that the determination of this 
point will appear of fome confequence in the opinion of 
one who has the improvement of ufeful knowledge fo 
much at heart ;' and if the manner in which it is here 
made, m^et your approbation, I fliall delire the favour 
of your prefenting it to the Royal Society. 



I have the honour to be, &c. 
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Place of greaUJi AttraBion. % 

1. The great fuccefsof the experiment, lately made 
by the Royal Society, on the hill Schehallien, to deter- 
mine the univerfal attraction of matter, and the im- 
portant confequences that have refulted from it, may 
probably give occafion to other experiments of the fame 
kind to be made elfewhere : and as all poflible means 
of accuracy and facility are to be defired in fo delicate 
and laborious an undertaking; it has occurred to me 
that it might not be unufeful to add, by way of fup- 
plement to my paper of calculations relative to the a- 
bove-mentioned experiment, an inveftigation of the 
height above the bottom of a hill, at which its horizon- 
tal attracSlionlhall be the greateft; fince that is the height 
at which commonly the obfervations ought to be made, 
and fince this beft point of obfervation has never been 
any where determined that I know of, but has been va- 
rioufly fpoken of or gueffed at, it being fometimes ac- 
counted at J, and fometimes at \ of the height of the 
hill ; whereas from thefe inveftigations it is found to 
be generally at about only \ of the altitude from the 
bottom. 

2. Let ABCEDA be part of a cuneus of matter, its 
fides or faces being the two fimilar right-angled trian- 
gles ABC, ADE meeting in the point a, and forming the 
indefinitely fmall angle bad. Then of any fedion 

B 2 bced> 
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bced, perpendicular to the planes abi> 
and ADE, the attradion on a body at 
A in the direction ab, is equal to the 
conftant quantity ss ; where s = fin. 
<:bac and x = fin, <:bad, to the ra- 
dius J. 
For, firft, fince the magnitude of the flowing fec- 
tion is every where as Ai^% and the attra(5lion of the 

particles of matter inverfely as the fame, or as ^^ ; 

therefore their product or -^ or i (a conftant quantity) 

is as the force of attraction of bced. 

Then to find what that quantity is. Put ab = ^, and 
bc^at; then bd or ce (the diftance between the two 
planes at the diftance ab) is = as. Now the force of a 

particle in the line ce is as ^ in the diredlion ac, and 

therefore it is as ^ in the diredion ab ; confequently 

the force of the whole lineola ce in the direAion ab 

ab ce 
is ^^^ ; and therefore the fluxion of the force of the 



feaion BCED or / is = 

and the fluent gives / : 
attraction itfelf. 
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3. To find now the attraaion of the whole right- 
angled cunens on a body at a in the dire<5lion ab. — 
Since the force of each fe<5tion is %s by the laft article, 
therefore the force of all the fetStions, the number of 



BC 



the force of the 



them being ab or ^, is ^j-s = $ . ab , ^^ 

whole cuneus abceda. 

4, To find the attra£tion of the re6t- 
angnlar part abcd on a in the diredtion 
ab ; ABCD being one fide of the cune* 
ns, and ad its edge, — Put ad = bc = b^ 

and AB = a:. Then, the force of any fe6lion as bo being 

always as sx by Art. 2, the fluxion of the force or/ 




will be ^%sx^sx x 



BC 
AC 



sx X- 



hsx 



s/h"- + ^ sJb"- 4- x' 



and the 



fluent is/== bs x hyp. log. of ""^ ^^ "^"^ = s. bc x hyp. log. 
^—^^ = the attraaion of abcd. 

BC 

5. To find the attraaion of the 
right-angled part bcd of a cuneus 
whofe edge paflTes through a the 
place of the body attraaed. — Put 

ab = a, BC =:^,, BD = C, DA=d - a- Cy DC = e, AC = ^, 

and DP -X. Then, the force of any feaion pc^ being 
ftill as sx, the fluxion of the force of the part dp q^ is/ 
- 4SX :=: sx x^^ = ^^ — ^'""^ ; and the correa fluent: 

when; 
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when X = c is / -^ x g^ rf- ^ x hyp. log. —^ 

= the force of a body at a in the difeflion ab. 

e 6. To find the s^racStion of the 

right-angled part bcd on the point 
A.-^ — Ufing here again the fame 

I""""""- B- "f ""-ip notation as in the laft article, we have 

/ = %sx -^ sx X ?^ =:: ^'^^ - . The corred fluent 
of which, when x ^ c, is 







hcs i , dc 1^^-^ 1^^ a-i-eg — dc 



7, To apply now thefe premifes to the finding of the 
place where the attraction of a hill is greateft, it will 
be neceffary to fuppofe the hill to have fome certain fi- 
gure. That pofition is moft convenient for obferving 
the attra<£tion, in which the hill is moft extended in the 
caft and weft direction. Suppofing then fuch a pofition 
erf a hill, and that it is alfo of a uniform height and 
meridional feClion throiighotit ; the point ofobferva- 
tion miift evidently be equally diftant from the two ends* 
3ut inftead of being only confiderably extended, I ihall 
fuppofe the hill to be indefinitely extended to the ieaft 
and to the weft of the point of obfervation, in order 
that the inveftigation may be mathematically true, and 
yet at the fame time fufficiently exaft for the before- 
faid limited extent alfo. It will alfo come neareft to the 
I practical 
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practical experiment, to fuppofe the hill to be a long 
triangular prifm, fo that all its meridional fe£tions may- 
be fimilar triangles. Let therefore the triangle abc rer- 

prefent its feftion by a verti^- 
eal plane paffing through the 
meridian, or one fide of an 
indefinitely thin ctineuswhofe 
edge is in PG ; or rather 
PBCOP the fide of one ciineus, 
and PAG the fide of another, their common edge 
being the line pg perpendicular to the bafe ac ; p being 
the required point in the fide ab where the attrac- 
tion of the feilion abc, or indefinitely thin cuneus, 
fliall be greatefl: in a dire<5lion parallel to the horizon 
AC. And then from the foregoing fuppofitions, it is 
evident that in whatever point of ab the attraction of 
ABC is greateft, there alfo will the attraiftion of the 
whole hill be the greateft. 

8. Now draw hpdef parallel to ac ; and ah, pg, bi, 
OF, perpendicular to the fame. Then it is evident that 
at the point p, in the diredlion pp, the attra(£tion of 
pbcgp is aflSrmative, and that of pag negative. But 
pbcgp is =:PBD + BDE + PFCG - EFC ; and pag = phag~ 
PHA. Therefore the attractions of pbd, bde, pfcg, 
BJHA, are affirmative ; and thofe of efc, phag, negative. 
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PutnOWBI = ^, hl-b, IQ^C, AB-^d, BC = ^, AC=^:r 

^ + c, and PG = AT, the altitude of the point p above the 
bottom. Alfo let j^^ the fine of the indefinitely fmall 

angleof thecuneustorada ; and^*=\/^*^*-2^^^Ar+rfV. 

Then by Art. 3, the attraction 
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By Art. 4, the attra<Stion 
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PGAH 15 J* . PG X h. 1. — — T- = J^a; X h. 1. --i~. 

irvjr tf 



J . 



By Art. 5, the attraction of efc is 

EF.FC 
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Vh . KF , J EC^ -feEC.PC + P£ . £F 



= - X qq- g . ^ - AT ~^r . x h. 1. ^^ _ __ ■ ' * 

Laftly by Art. 6, the attraction of bde is 

BD.DE 
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Thefe qtiantities being collected together with their 
proper figns, and contracted, we have 



J" X < 
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-¥ X X hyp. log. 
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Cig m a— X « I ee '\- de — eg , acg + eqq 4- d^x — hex 

5 ' X n. 1. '—■' :"■;.,,. .;.-:: — :h.':. .. ■ ■ "■. ■ . ■ n.. !,, • 

* gg . ee-^cc » a'-^x 



for the whole attraction in the direction pe. 

a 9. Having 
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9. Having now obtained a general formula for the 
meafure of the attraaion in any fort of triangle, if the 
particular values of the letters be fubftituted which any 
pra6lical cafe may require, and the fluxion of this at- 
traaion be put ~ o, the root of the refulting equation 
will be the required height from the bottom of the hilL 

10. But for a more particular folution in Ampler 
terms, let us fuppofe the triangle abc to be ifofceles, in 
which cafe we ftiall have ^=^, and^=2^=2£^, and 
then the above general formula will become 

fffuflzii!^ + \:v X h 1 ^^^+ n-'^^ 

for the value of the attracStion in the- cafe of the ifof- 



celes triangle, where (f \% -=> \^ \ab^ - ^ab'x ■^d'-x^. 
And the fluxion of this expreflion being equated to o, 
the equation will give the relation between^ and x for 
any values of b and 4 by a procefs not very trouble- 
fome. 

1 1 . Now it is probable that the relation between a 
and ^, when the attraction is greateft, will vary with 
the various relations between b and d^ or between b and 
a. Let us therefore find the limits of that relation, 
between which it may always be taken, by ufing two 
particular extreme cafes, the one in which the hill is 

Vol. LXX. C very 
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very fteep, and the other in which it is very flat, or a 
very fmall in relpecSl of b or d. 

1 2 . And firft let us fuppofe the triangular fedion to 
be equilateral ; in which cafe the angle of elevation is 
60"*, which being a degree of fteepnefs that can fcarce- 
ly ever happen, this may be accounted the firft extreme 
cafe. Here then we fhall have d=: 2^ =|<3f\/3, and the 

formula in Art. i o, will become s x : .^'"""^'^'^ + x x 



. 1. — + X h. I. —-^ — -i— for th€ value of 

^x 4 a — X 

the attradtion in the cafe of the equilateral triangle, in 

which r is = s/a" -ax + a;\ 

13. Or if we take x^na^ where n exprefles what 
part of a is denoted by x^ the laft formula will become 

sax \\-\n- 4v I -n + n^ +n X h.L -^— + 

^-^^ X h. 1. ^ "^ "" "^ ' ^ — i-n + n £^^ ^j^^ ^^^ ^^ ^j^^ equila- 

teral triangle. 

14. To find the maximum of the expreflion in the 
laft article, put its fluxion =:o, and there will refult 

this equation i + ~r-,- --- = ah. 1. - 



|h.l. j-3^^^ — ; the root of which is n =*25 1990« 

Which fliews that, in the equilateral triangle, the hei^t 
from the bottom to the point of greateft attra6tion, is 

only 
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only -^-^ part more than \ of the whole altitude of the 
triangle. And this is the limit for the fteepeft kind of 
hills* 

1 5 . Let us find now the particular values of the mea- 
fure of attraction arifing by taking certain values of n 
varying by fbme fmall difference, in order to difcover 
what part of the greateft attraction is wanting by ob- 
ferving at different altitudes* 

1 6. And firft ufing the value of ;^ (• 2 5 1 999) as found 
in the 14^^ article, the general formula in Art* 1 3, gives 
sa % 1*0763700 for the meafure of the greateft at- 
traction. 

17. If n-=i yV> or X :=^-^a; the fame formula gives 

i^ X : 17 ^v/79 + 6h. 1* IL±1^ + ih. 1. il±^i^ ^ 

sax 1*0702512 for the attraction at ^ of the altitude, 
which is fomething lefs than the other. 

18. If /^ = ^ = |; the formula gives '£ x : 16 - 

^/76 + 8h. 1. ^±f^ + 3h. 1. l±f^ =zsaxi -0224231 

for the attraction at ^-^ or j of the altitude ; lefs again 
than the laft was. 

19. If ;r=: -j^ - I; the formula gives ^sa x : 3 -- 

■ II ri i I II 

v/3 - 2 h. 1. 3 + |h. 1. 3 + 2\/3 = sa X *9340963 for 
the attraction at half way up the hill ; ftill lefs again 
than the laft. 

C 2 ao. If 



1 2 DoSior HUTTON^s Determination of the 

%o. If n = 4o-j9 the formula gives — x : 14 - 

v/76+ i2h.l. 2^!i^+ 2h.Lii^ = j^x -8109843 

for the attracftion at ^ or | of the altitude from the 
bottom ; being ftill lefs than the laft was. And thus 
the quantity of attradtion is continually lefs "and lefs the 
higher we afcend up the hill above the •251999 part, 
or in round numbers -252 part of the altitude. Let 
us now defcend, by trying the numbers below -252 ; 
and firft, 

21. If ^ = '25 = ^; the fame formula in Art. i^y 

gives }sax : 7 -v/i3 + 2h. 1. 1±^^ + ih. 1. l±i^^ = 

sax 1*07635 89 for the attradion at ~ of the altitude ; 
and is very little lefs than the maximum. 

22. If n = -^ = j; the formula gives -^sa x : 9 - 

v/2i + 2h. 1. i±i^+ 2h.l. i+.i^ = J,^^ X : 9~v/2i 

+ 2h. 1. ^3+^5^/^! = sa X 1*0684622 for the attraction 

at ^ or J of the altitude ; and is fomething lefs than 
at ~ of the altitude. 

23. If « = 1^; the formula gives — x : ig-\/gj + 

ah. 1. Ii±iil9i ^ ih. 1. LL+2^ = sa x -9986188 foir 

the attradlion at ^ of the altitude ; ftill lefs than the 
laft was. And, laftly, 

24. If « = o, or the point be at the bottom of the 

hill ; 
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hill; the formvila gives \sa x 2 + h.l. 3 =sa x •7746531 
for the attraction at the bottom of the hill ; which is 
between ~ and | of the greateft attra6lion, being fome- 
thing greater than j but lefs than | of it* 

25. The annexed table exhibits a fummary of the 

calculations made in the preceding 
articles; W'here the firft column 
fliews at what part of the altitude 
of the hill the obfervation is made; 
the fecond column contains the 
corref ponding numbers which ar^e 
proportional to the attra6lion; and 
the third column fhews what part 

of the greateft attraction is loft at each refpeCtive place of 
obfervation, or how much each is lefs than the greateft. 

26. Having now fo fully illuftrated the cafe of the 
firft extreme, or limit, let us fearch what is the limit for 
the other extreme, that is, when the hill is very low or 
flat. In this cafe b is nearly equal to d, and they are 
both very great in refpeCl of a ; confequently the for- 
mula for the attra(5lion in Art. 10, will become barely 
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; the fluxion 



of which being put = 0, we obtain o = h. 1. 
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= h. 1. 
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hence therefore a- x<^ -^^-x .2,a- Xy and x^axi -s/\- 

•2929^* 
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•2g2ga. Which fliews that the other limit is ^; that 
is, when the hill is extremely low, the point of great- 
eft attra(5tion is at ^% of the altitude, like as it is at -^ 
when the hill is very fteep. And between thefe limits it 
is always found, it being nearer to the one or the other 
of them, as the hill is flatter or fteeper. 

27. Thus then we find that at | of the altitude, or 
very little more, is the beft place for obfervation, to have 
the greateft attracStion from a hill in the form of a tri- 
angular prifm of an indefinite length. But when its 
length is limited, the point of greateft attraction will 
defcend a little lower; and the fliorter the hill is, the 
lower will that point defcend. For the fame reafon, all 
pyramidal hills have their place of greateft attraction a 
little below^ that above determined. But if the hill have 
a conliderable fpace flat at the top, after the manner of 
a fruftum, then the faid point will be a little higher 
than as above found. Commonly, however, ~ of the 
altitude may be ufed for the beft place of obfervation, as 
the point of greateft attraction will feldom differ fenfibly 
from that place. And when uncommon circumftances 
may produce a dilFerence too great to be intirely neglefl- 
ed, the obferver muft exercife his judgment in guefling 
at the neceflary change he ought to make in the place 
of obfervation, fo as to obtain the beft efFeCt which the 
concomitant circumftances will admit of. 



